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VII. On Centripetal Forces. By Edward Waring, M. D. 
F. R. S. Profejfor of Mathematics at Cambridge. 


Read January io, 1788. 


prop. 1 . 


1. TT ET a curve P/>N (Tab. II. fig. 1.), of which the per- 
JLj pendiculars to the two neared points P and p of the 
curve are PO and pO, and confequently O the center of a 
circle, which has the fame curvature as the given curve in the 
point P; draw PY and ly tangents to the curve in the points P 
and p ; from S draw Sjy and SAY refpedlively perpendiculars to 
the tangents ly and PY ; and let SAY cut the tangent ly in A ; 

then will ultimately AY ( - P) be the decrement of the perpen¬ 
dicular SY = P ; and the triangles /AY and POj be fimilar : for 
the angles PO p and A/Y are equal, and the angles /YA and 
OP/> right ones; therefore PO : P p :: IY ultimately = PY ; YA 


decrement of the perpendicular, whence P p = 


Yb X PO 

JY 


Yh x PO 
- py * 


1.2. Fig. 2. and x. The force in the direction PS is as the 
ultimate ratio of 2 x QR (the fpace through which a body 
is drawn from, the diredlion of its motion in the tangent in a 
given time towards the center of force) ; but ultimately 2QR = 

where QP is as the fpace deferibed in a given time, and 

confequently as the velocity (V) of the body at the given 
point P, and PV the chord of curvature in the direction SP. 

K2 1.3. 
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1.3. The increment (Pp) of the fpace divided by the velo¬ 
city V is ultimately as the increment of the time, and 

= the increment of the velocity (V) divided by the force 

in the dire&ion of the tangent, that is, — =' 

VxPVxJP £ or p p fubftitute V_ xt . 2 , and there refults n L xPQ 
2V 2 x PY r PY PY x V 


VxPVxSP. 
= 2 V 1 x PY ’ 

— P, whence 


and confequently 9 — X.; but£_— Y = SY 

^ J SP x PV V 2PO 

—y * and V = where a is an invariable 


quantity. 

Cor. Since V xP, that is, SY the perpendicular multiplied 
into the velocity (which is ultimately as Pp the fpace defcribed 
in a given time) is ultimately as the area defcribed round the 
center S in a given time; but this redangle = <?, a given 
quantity; therefore the area, defcribed round the center of 
force S in a given time, will be a given quantity, and thence 
in unequal times will be proportional to the times. 

1.4. The fagitta QR is ultimately as the force, when the 
time is given; and when the time is not given, it will be as 
the force into the fquare of the time ; from which expreflion, 
by fubfiituting for QR and the time their values, may be de¬ 
duced feveral others. 

Sir Isaac Newton has demonftrated this propofition with 
the greateft fimplicity; and this is given to fhew, that the 
fame propofition may be deduced from different principles. 


PRO P. 11. 

1. Fig. 3. Given the relation between SP / the difiance from 
a point S, and SY 7 a perpendicular from the point S to P'Y, a 
line touching a curve in the point P'; to find the relation 
1 between 
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between Sy and Sy (a perpendicular from the point S to p'y, a 
line touching the curve in the pointy) ; in which two curves 
PP'L and pp'l, the forces and velocities at any equal diftances 
SP and S f are equal, and confequently the perpendiculars SY 
and Sy, at the above-mentioned equal diftances SP and Sp are 
to each other in a given ratio N : n. 

In the equation exprefling the relation between SP 7 and SY' 

for SP' and SY' write reflectively Sp and and there re- 

fults the equation fought: for the diftances SP and Sy being 
equal, the perpendiculars SY' and Sy' are as N : n. 

Ex. x. Let S be the focus of a conic fedtion, then will 

£ C z x — - =e SY 2 = P% where T and C denote its tranfverfe 

and conjugate axes, and D the diftance SP; for P write 

^-x/, and there refults the equation iC z x ,Yr~=^- x-y r 

which is an equation to a conic fedtion of the fame name (viz r 
ellipfe; parabola, or hyperbola) as the given curve, of which 

the tranfverfe axis is T, and conjugate and 1 perpendi¬ 

cular from the focus to the tangent —p. If T and C are infi¬ 
nite, and confequently the curve a parabola, and the equation. 
| Lx D —P% then will, the latus re Slum of the refulting equa- 

• , Lx»* 

tion be 

JN 2 

Ex. 2. Let S be the center of the logarithmic fpiral, then- 
will the equation be a x SP = a x D = SY =P,. and confequently 

the refulting equation a x-D=^ xp, whence ~ x D — p an 

equation.to a logarithmic fpiral having the fame center. 

Ex. 3. Let T and C be the femi-conjugate axes of a conic 
fedtion, and S its center; then will the equation exprefling' 

the 
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the relation between the diftance D and perpendioular P be 

T"( 2 


D 


:T'r±,C 


fults the equation D s 


for P write as before and there re- 

n 


:Th±:C a } an equation to a conic 




fe£tion of the fame name, of which the tranfverfe and conju¬ 
gate diameters are refpedtively two roots (a?) of the equation 

x % rt= — r - 4 - —'T J —=C 2 , becaufe in this cafe /> = D. 

The fum or difference of the fquares of the tranfverfe and 
Conjugate diameters, in all the refulting equations, will be the 

fame. 


Cor. In every equal diftance, the chord of curvature pafting 
through the center of force is the fame; for the forces in that 
dire&ion, and the velocities at every equal altitude are the fame. 


PROP. IJI. 

I. Fig. 4. and 3. Given an equation A = o, exprefling the 
relation between the abfcifs SM=v and ordinate MP=^; to 
find the equation exprefling the relation between SP — s/x^ + y" 
and SY = P, the perpendicular from S on the tangent PY. 
From the equation A ~o find jff = By, which fubftitute for x 
in the equation (i^+y 1 )^ x P = xy±zxj deduced from the fimilar 
triangles P/o, MTP, and STY, where Io~x and Po —y ; let 
the refulting equation be C = 0; reduce the three equations 
A=0, C = 0, and af-f y 2 =■ SP 2 = D 2 into one, fo that the un¬ 
known quantities x andy may be exterminated, and there re- 
fults an equation exprefling the relation between D and P. 

Cor. Hence from the equation exprefling the relation be¬ 
tween x andy, the abfcifs and ordinate of a curve, can be de¬ 
duced an equation exprefling the relation between the diftance 
SP and perpendicular SY; and from the equation exprefling 
5 the 
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the relation between the diflance SP aud SY can be deduced 
an equation exprefling the relation between the diftance S p and 
perpendicular Sy from the point S to the tangent py of a 
curve, whofe force and velocity at every equal diftance is the 
fame as in the given curve, but the direction different. 

2. Given an equation K = o exprefling the relation between 
$P = D and 8Y = P ; to find an equation exprefling the relation 
between SM = x and PM =y, the abfcifs and ordinate of the 
fame curve. 

In the given equation K — o for D and P write refpeflively 
y/x'+? aiJ d ====> and there refults a fluxional equation 

V y 4 - x 

\j — o of the firft order, of which the fluent exprefles the ge¬ 
neral relation between x andy. 

Cor. If in the given equation for P be wrote kP / , there 
refults the equation K' = <j, which exprefles the relation between 
the perpendicular Sy = P / and diftance S/> = D / of every curve, 
which at equal diftances has the fame velocity and force tend¬ 
ing to S; reduce the equations YC—o, T) = s/x 2 +y 2 and 
nV' — ■ y yjzCpL into one, fo that D and P' may be exterminated, 

a/ -2-, .2 7 J 

™ x -ry 

and there will refult the fame fluxional equation of the firft 
order, exprefling the relation between x, y, and their fluxions, 
whatever may be the value of n. The general fluent of this 
fluxional equation contains the relation between the abfcifs and 
ordinates of all curves, which have the fame force and velocity 
at the fame diftance as the force and velocity in the given 
curve. 


f R O P_ 
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p a o p. iv. 

i. Let a body move in a given curve PH., (fig. 5.), of which 
the velocity ("o) at any point P is given : and let the forces 
/"■> f"'-> tending to all the given centers S", S /// , &c. 
(except two S and S'') be given; to find the forces f and/ 7 
tending to the two points S and S'. 

Draw a line PO perpendicular to the tangent yPy'; and 
from the given centers S, S', S", &c. draw lines S/ and Sy, 
S'/' and S'y', S"/" and S"jy", &c. , perpendicular to the 

r *. 2 P/ T*f f 

lines PO and yPy', &c.; then will p0 --/x —=*=/' x —=2=/" x , 
^dfc&c. (where PO is the radius of the circle having the 


fame curvature as the curve in the point P), and f* 

— x —- =?= &c. (where A denotes the arc of the curve PH) ; 

from the data may be deduced all the quantities contained in 
t.he above mentioned two equations, except f and f'% and con- 
fequently from the two given fimple equations be deduced the 
forces fought f and 

2. Let the velocity of the body moving in the given curve 
be fuppofed always uniform; then f x f x x —7^ 

lb io ro 

&c. =• 0 . 

Ex. Let the curve HP/ be an ellipfe, and the two foci S and 
S' the centers of forces; then will f x x but the angle 

$Py = S'Py, and confequently = and f—f'% but fince 
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In thefe and the fubfequent cafes the lines Py, Py\ Py", 
&c. are to be taken negatively or affirmatively, as they are 
fituated on the fame or different fides of P; and in the fame 
manner the lines P/, P/ / , P/ 77 , &c. are to be taken negatively 
or affirmatively as they are fituated on the fame or different 
dides of the tangent yPy\ &c. 

3. Let the centers M, M 7 , M 7/ , M 777 , See. of forces be 
points not fituated in the plane of the given curve HPJ, &c. 
and the forces f"', / 77// , &c. tending to each of the centers 
^d /// , M 7777 , See. (except three M, M 7 , and M 7 ) be given; to find 
the forces f, f', and f" tending to thofe three points M, M 7 , 
and M 77 . 


Draw MS, M'S 7 , M /7 S /7 , &c. perpendicular to the plane 
HPI, &c. from the above-mentioned points, and affume the 


equation /x -7==^====== =f= f' x —— - ni N ± f" 

1 J v MS 1 + SP J v'M'S^-t-S'P* J 


M'S' 


M"S" 


v'M'S'^+ST* 


VM"S ,,! +S"F* 


±/' 


•/// 


M'"S' 


,^M'"S '" 2 + S"'P : 
P 


f &c.=o, and the two preceding equa- 




VI' 


PM" 


&c.and -Lf —/x — 
A' J PM' 


p/ . iy 


{' X — — f\ 
J PM' J 


PM" 


: &c.; from the data may be found all the 


quantities / 777 , / 7777 , See .; and confequently from the above 
mentioned equations may be deduced the forces/, / 7 , and/ 77 . 

4. Let the body move in different planes, that is, in a curve 
of double curvature at the fame points; draw PR a tangent to 
the curve at the point P, and PQ an arc of the curve of double 
curvature; draw alfo two planes PRV and PRT, cutting one 
another in the line PR ; from the point QJet fall QV and QT 
perpendicular to thofe planes refpe&ively, and from the points 
V and T draw Vv and T/ refpe&ively perpendicular to the 
line PR; let v be the velocity of a body moving in the given 

Vol. LXXVI 1 I. L curve 
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curve at the point P, and afiume ~= 2C and = aC A refpec- 

tively; from the given centers of forces M, M 7 , M", M /// > 
&c, draw MS, MS", M"S", M /// S /// , &c.; Mr, MV, M'Y', 
M / ' v r /// , &c. refpedively perpendicular to the two planes RPV 
and RPT; and PL and P/ perpendicular to the line PR in the 
fame two planes RPV and RPT; and alfo SP, S'P, S"P, S^P, 
&c,; jP, VP, /'P, &c.: from the points S, S', S", S'", &c„ 
S, s', s", &c. draw the lines SH, S'H', S"H", S'"R"', &c. 
sb, s'//, s"h", /"h"', &c. refpedively perpendicular to the 
lines PL and P/; and SK, S'K', S^K", S'^K'" &c. sk, s'k\ 
s"k", s'"k"', &c. perpendicular to the line RP; and let the 
forces &c. tending to all the points M /// , M"", &c. 

(except three, M, M', and M") be given ; then from the three 

given prions ^ = 

r// 


_" */d 
MP J 


PA' 

: ip 






PK" r. 


' M"P 


■// ^ 


M"'P 


PH 
MP 
_ Fi" 
~M"P 

x/ 7// 


r// 


&c. and * 

cr 


x/"=i=&C. and x/: 


PK' 


: &C.ei* x/= 
MP J 


A- MP 
Yk’ 

Wy 


M'P 


X 


P*" 


x /-5rp */' 


r// 


cfc &c. which contain only three unknown quantities, can be 
deduced the forces f, f, and f", required, tending to the 
points M, M', and M''. 


prop. v. 

Let a body aded on by forces tending to any given points 
S, S', S", &c. move in a given curve, to find its velocity in 
any point of the curve. 

Find the fluent of the fluxion (/x x x =+= 

J'" x ^,7,— &c.) A =y r D=fc/*''D / rfry // D // =fc &c. .= - vv when 
the forces are all contained in the fame plane; or the fluent of 



Centripetal Forces. 75 

(A -f * *M "~ &c ‘) x ^ ( when contained in 

different planes) — fx PM=*= /' x PM' = 5 = f" x PM" =>= &c. =■* 
j f x Di! = -/’ / x D '—j" x D"=!=&c.; but fince /, /", &c. are 

given fundtions of the quantities D, D', D" r &c. the fluents 
of/x D, /' x D'» /" X D", &c. can be found; which, when 
'properly corrected will be as ~ = i the fquare of the velocity in 

any point P. A denotes the arc of the curve, and D, D', D", 
&c. the reipedtive diftances of the body from the centers of 
forces. 

Cor. The increment of the time of defcribing any arc of 
the above-mentioned curve will be as the increment of the 
arc = A divided by the velocity found above, and confequently 
the time itfelf will be as the fluent of it properly corredted. 

PROP. VI. 


1. Let a body move in any curve, and be added on by forces 
tending to any given points, S, S', S", S'", &c.; all of which, 
except the force f tending to the point S, let be given, to find 
f the force tending to S. 

Let Sy, S'y', S"y", &c. be perpendicular to the tangent Py 
of the curve at the point P ; refolve the forces 
&c. tending to S, S', S", S'", &c. refpedlively into two forces, 
of which one adts perpendicular to Py, the other, S/, S'/', 
S"/", &c. perpendicular to PO, which is perpendicular to Py; 
let PO be radius of the circle of the fame curvature as the 


curve, and v the velocity of the body at the point P j then 


=/* 


will ~ > 

PO 


Sy. 

SP 


tf' X ZL: 
J * S'P 


-/ 


•// s Y 
' x -- 


S"P 






py. 

S'P' 




■„ p>" 

x - 4 — : 
s"p 


-/ 


w 


x s r, 7 f’ and “ 

p >A&c.: for S '* PG 


s"'p 


SP 


L 2 


I chord 



Dr. Waking on 

i chord of the circle of curvature, which pafles through S, 
write C; and for PO x- x |^zt/' // x |^-dfc&c.) fubftitute 

>H, and for ^ write B ; and for =±zf f x % zi=.f " x + &C; 

SI 6 P S P 

fubftitute D, and the two preceding equations become v z ■=■ 
jfx. C+H and — w= (B/ + D) A, where A denotes as be¬ 
fore the increment of the arc of the curve! from the firft 


equation vv = — (B fh + DA) and confequently 

Cf -f (C + aBA) f+H + 2DA = 0, from which fluxional equa¬ 
tion may be deduced the force f tending to the center (S) 
Aba . r 2BA 

= - C” 1 x e c x y(li + 2DA)x ^ c , where e is the 

number, whofe hyper, log. = 1. 

Cor. Fig. 1... Let f\ f", f '" 9 &c. be each =0, then will 

r — 

Drro, H = o, and confequently ^(aDA + H) x e^ c s» 

/ 'zBA _2B X SyXPO_ lSy 

w 0 — cxi 'J' 

_/V? 

aC~\ x e J s r ; whence f— 


*y = 


— a 


s/xG as generally known, 

where a denotes an invariable quantity. 

Cor. The force f being found, the fquare of the velocity 
may be deduced from the equation if —f x C + H, and the 


time from the fluent of the fluxion — — — ——- - 

v V/xC+H 

2. Let the body move in a curve of double curvature, and 
let the forces &c. tending to all the points M 7/ , M" 7 , 

&c. (except two, M and M 7 ) be given; to find the forces 
tending to the points M and M 7 „ 


Afliime* 
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A flume the three equations before given in Prop. 4. viz. 


* J** x f*?*L xf'z 

— MP ^ m'p ** 


C 
P h 


M"P 


xf 

Yk 


M'P 
:&c. and 

Yk' 


**"*/"*= &c * 


M"P 


C' ~ MP 


Yh w r Yb' r 
X X fd 

J M /p J 


• /YK r.YK' r, YK’ 
AMP J MP * ■ M"P 


*f" =*= 


&c- ss ^ X:/=±r^ X/ 7 =±: &c.) X A, from the two former may be 


"M'P 


• • * . • • 

deduced the equations vv~af+ (if +fa,-\- y / /3 + y, and vv: 
k/+ ft'f' +fa .+/ / / 3 / + y, where a 


CxPH 
2MP ’ 


n __ CxPH' 

^ ' — 2M'P * 


. j n /PH" xf" YU"'xf" > . , C'xPA fl/ 

± lfT ±&c ') ; a r* 3 = 


C' x Yh’ 
aM'P ’ ? ~~ 


1 C' ^ Yh"xf"Yh'"xf 


M"P A 


M'-'P 


2 MP 

&c.), whence may 


' • • • • 

be derived the two equations 

whererrr - (|| = ^) X 


A _ /YK' Yi \ X _ / 

A ’ P-— Gfp“mtJ xA ’ <r ~ ~ ( : 

dtz&c. =&c.)xA- 


_PK" 

: M"P 


X/"= 


PK'' 


M'"P 


x /'"• 


Reduce thefe two equations to one, fo that /', f"\ &c. and 
their fluxions, may be exterminated, and there refults a 

fluxional equation of the formula Uf -f K/ ? + L/+ M = 0,. 
where H, K, L, and M, are functions of one of the before: 
mentioned variable quantities (for example, MP = W) which 
may be fuppofed to flow uniformly, and its fluxion. 


PRO P. VII. 

1. Fig. 6. Given the force tending, to any point S, the velo¬ 
city and direction of the body ; to find the curve deferibed. 

Let the body a&ed on by a force f tending to S, ! at the difi¬ 
nance D x from S be projeded in the direction P'Y', with at 

y vein*- 
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velocity fct; and let the perpendicular from S to the tan¬ 
gent P'Y' be A; from the general fluent of f x D, where 
D denotes the distance from S» and J is a function of 
D, properly corrected find its velocity V ar diftance D, 
and confequently the perpendicular SY from the center S 
to the. tangent PY at difiance D— SP, which will be 

= SY ; but A and H are given quantities, and V a known 

function of D; therefore SY and x/Sf^D 1 ) - SY 4 = PY will 
be known fundtions of D; and from the fimilar triangles 

SPY and PQT may be deduced PY : SY :: PT=»D : QT> 

and confequently SPxQJsDx^^ (which is a known 

function of I) multiplied into D) will be as the increment of 
the area deferibed round the center of force, of which the 
fluent properly corrected is proportional to the area deferibed 
round the center of force, and confequently to the time. In 

like manner* (proportional to the increment of the 

angle deferibed by the body round S) is A function of D mul¬ 
tiplied into D, of which the fluent properly corrected, or angle, 
will be as a fundtion of D. x 

1.2. Fig. 7. Given the above-mentioned force, &c.; to find 
an equation exprefling the relation between the abfcifs SM = x 
and ordinate MP ^zy of the curve deferibed, and their fluxions. 
From the flmilar triangles P po and LPM Can be deduced 

po —y : oP=:,v :: PM— y; • LM=^*; but LM SM ^ # =» 

=LS; and confequently P/> —s/bP+y 1 ; po—y :: LS = 

: SY ==-—=; but SY is a fundtion to be deduced 
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as above of SP=vV + y% whence the fluxional equation 

•• (**'+/> 

v x +y 

2. Fig. 8. Let a body be a£ted on by any number of forces 
(/»/'»/" Z'"* &c 0 in the fame plane tending to the given 
points S, S 7 , S 77 , S 77/ , &c.; to find an equation expreffing the 
relation between SP=:D and S 7 P = D 7 , and their fluxions, 
where P is a point fituated in the curve which tlie body 
defer ibes. 

Suppofe YP a tangent to the curve at the point P, and PZ 
perpendicular to it ; and refolve all the forces tending to S, S 7 , 
S 77 , &c. refpeftively into two others; one in the dire&ionPY, 
and the other in the dire&ion PZfubftitute for SP, S 7 P, 
S /7 P, S 777 P, &c. refpe&ively D, D 7 , D 77 , D 777 , &c.; and fuppofe 
SY, S / Y / , S"Y", S /77 Y /7/ , &c. perpendicular to the line PY; 
then will the triangles PQT and SPY, PQ 7 T 7 and S 7 PY 7 be 
fimilar, where PQ denotes a very fmall arc, and QT and 
QT 7 are perpendicular to the lines SP and S P ; hence PQ = 
PTxSP DxD PT'xS'P D'xD' , r . 

L W~-~W~ = “Fy>-* =-pr" ; and confequently PY : PY 7 

:: DxD : D 7 x D 7 ; and if the quantities D, D 7 , D and D 7 
are given, the ratio of PY : PY 7 will be given ; which being 
given, together with the line SS 7 = tf, the lines PY and PY 7 , 
SY and S 7 Y 7 , can be found ; for, drawing SL parallel to PY, 
and meeting S 7 Y 7 in L, let PY 7 = «xPY, then YY 7 = 

1) PY = SL, SY = ^(SP 2 -PY 2 ):rv(D 2 -~PY 2 ), S 7 Y 7 
= (S 7 P 2 - PY 72 ) = (D 72 - nr x PY 2 ), LS 7 = S'Y'^SY * =fc 

v /(D 72 -w 2 PY 2 ) = i= v /(D 2 -PY 2 ).; and SS 72 -SL 2 + LS 71 an 
equation in which all quantities (except PY) are given, and 
confequently PY. is determined by an equation, which will be 
a quadratic; but PY being found, from thence PY 7 , SY and 

S 7 Y' 
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S / Y / may be deduced, which are consequently all fund ions 
of D, D', D, I)', and invariable quantities; and their 
fluxions PY', SY, and S'Y' fundions of D, D', 
D D', D, and D'i, from the ftmilar triangles before given 

SV : PQ=^B :: PY : ~ PO the radius of curvature 

PY SY 

lienee PO is a function of D, D', D, D', and D', if t> = o ; 
and from D, D', SS', D,..D', and the point S" given in pofi- 
tioti can be determined S"P, S"Y" and PY" ; for let S'h6 = C 


be drawn perpendicular to SS' = a, and Sh — b ; .-then'..will S/ (if 
P/ be a perpendicular from the point P to the line S 5 / ) = rt: 
c 2 +n 2 —D' 2 and s7= aild P/ =V /(SP -s/ 1 ), and 


2 a 

S"P = y/((, 3 =t=S/) 2 -f (C±P/)“); draw S" Y" perpendicular to 
the tangent PY, and cutting the lines SS' and SK parallel to 

PY in o And n refpedively; then will oh = C x ■ V ^ SS ~ ( PY±PY )). 


(PYd=PY ')=i 


S"o: 


exes' 


; (and from the limilar triangles S "oh and S on)on — 


(b^ob) x —; whence S" Y" = rtS"o o«=±= SY will be a 

known fundion of D, D', D and D', and invariable quanti¬ 
ties : the fame may be predicated of fimilar lines drawn to the 

py r pY' 

centers S'", S"", &c.; and confequently (J x ■/' X — 
=*=/" x X ^- &c 0 x A ( wllere A » as before, de¬ 

notes the fluxion of the arc of the curve) =/>< D=fc/ / xD / r±= 
f° x D" ~f /r/ X i)"'=fc&c. = - w, if v denotes the velocity ; 
but as &c. are fundions of D, D', D", D", 

,&c. refpedively, the fluent of the above mentioned quantity 

y'D=i=y' / D / ntr/" // D // =i=&c. can be found in terms of D, D', 

D 
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D", D'", &c. from the fluents of the fluxions/D,/' / D / , &c.; 
and confequently in terms of D and D', which let be Z, then 

will Z = ~; but v*= -aZ = PO x (/x — =fc/" 

x dt/ v// x -jr/Tp-— &c.) a fluxional equation of the fecond 

order exprefling the relation between D and D', and their 
fluxions. 

2. To find an equation exprefling the relation between 
a?=SM and y=MP, where SM (#) is the abfcifs beginning 
from S and continued in the line SS', and MP (y) the per¬ 
pendicular ordinate of the curve defcribed by a body a£ted on 
by the above mentioned forces: in the fluxional equation 
found before for D and D' and their fluxions fubftitute 
and and their fluxions, and there 

refults the equation fought. 

Cor. It ealily appears, that the general fluent may contain 
two invariable quantities to be affumed at will, or according to 
the conditions of the problem; that is, at a given diftance the 
velocity and the direction may be affumed at will, and confe¬ 
quently the general fluxional equation exprefling the above 
mentioned relation will be of the fecond order, if no fluents 
are contained in it. 

Cor. From P y and Py', and the points S and S' being given* 
can eafily be deduced geometrically the direction of the tan¬ 
gent and the lines Sy, Sy', &c.; for divide the line SS / in r, 
fo that Py=*=Py : SS' :: Py : Sr, and through r draw the line 
Pr, the perpendicular to Pr through P will be the tangent 
jyPjy'; to this line the perpendiculars from S and S' will be the 
lines Sy and Sy required. 

Vox.. LXXVIII. 


M 


Cor. 
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Cor . From the fluent of the above-mentioned fluxional 
equation may be deduced the velocity V in terms of D and D'; 


and from the fluent of 


D xD 


which is a function of D mul- 


P yxV’ 

tiplied into D, may be deduced the time. 

3. If the plane in which the body (P) moves, and all the 
forces/',/'',/"', &c. tending to points M', M", M"', &c. not 
fituated in the fame plane (except one / tending to a given 
point M) be given, then the force tending to that point can be 
found, and the curve defcribed. Refolve all the forces tending 
to the points M, M', M", M'", &c. into two others; one MS, 
M'S, M"S, M'"S, &c. perpendicular to the plane in which the 
body moves, and the other SP, S'P, S"P, S'"P, &c. in the 

plane; then will/x ~=b/' x =±=/ x 1 pp=±=&c.= o, from 

which equation / the force tending to the point M may be 
found; then, from the preceding propofition find the curve, 

which a body agitated by forces /x f X~, / /7 X^, 

&c. tending to the points S, S', S", &c. defcribes, and it will 
be the curve required. 

4. If the body moves in a curve of double curvature, and the 
forces/, f'if", &c. tending to all the centers M, M', M", 
M"', &c. be given; from the fluent of the fluxional quantity 


(/> 






p y 




y/ p/ 

X J 


-/ 


x P/ 


, &c.) x A (A deno- 


MP J M'P J ” M"P J ”M'"P 

ting the fame quantity as before) —f x MPzt/' x M'P =*=/" x 
M"P = fc/" / X M'"P,db:&c. =/x D=tr/' x D'=fc/" X &'*=/<" x 

D'":±=&c. :=Z = —vv (/ /', /", /'", &c. being given 
functions of D,-D', D", &c. refpedtively) can be deduced 
the fquare of the velocity =; - 2 z, which will be a function of 

3 D* 
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D, D', D", D"', D"", &c., and confequently a fun&ion of 
D, D', D", eafily to be derived : fubftitute this function — zz 

2 z 

for v % in the two following equations ^7 —F / and ~ = F", 

where R' and R // denote the radii of curvature in two different 
planes of which the tangent above mentioned in Prob. 4. art, 

4. is their interfedfion, and F' and F" the fum of the forces in 
lines perpendicular to the tangent, and in the refpedtive planes : 
from thefe forces, calculated in terms of the diftances from 
three given points D, D 7 , and D"; or in terms of two ah- 
fciflae and one ordinate, and from the radii R/ and R" may 
be deduced two fluxional equations of the fecond order, ex- 
preffing the relation between three diftances D, D', and D", 
&c. which may always be reduced to one fluxional equation of 
the fourth order exprefling the relation between one abfcifs and 
its correfpondent ordinates, or the diftances from two given 
points. 

5. The general fluxional equation exprefling the relation be¬ 
tween the diftances from two given points will be of the fourth 
order, if no fluents are contained in it; for it admits of four 
different quantities to be affumed at will, or according to the 
conditions of the problem. 

6. If fome points, to which the forces tend, are fituated 
at an infinite diftance ; that is, fome forces always aft parallel 
to themfelves; from the given forces acting either to given 
points, or in parallel direftions, by the equation /xD±/x 
i)'=t=f"x D"=i=&tc,= -vv can be deduced the fquare of the 
velocity at a point P in terms of the diftances from two given 
points, or of an abfcifs and ordinate; if the centers, &c. and 
parallel forces are all fituated in the fame plane : or in terms of 
the diftances from three points, or two abfciffie and an ordi- 

M 2 nate, 
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nate, if fituated in different planes; from the centers, &c. 
and forces given, find the fum F of the forces in any direc¬ 
tion (PL) (the diredtion of the tangent excepted) adting on 
the body at the point P, and the chord of curvature C of the 
curve at the fame point and in the fame direction ; in the equa¬ 
tion v‘=iFxC for fubffitute the value found before, and 
there refults an equation expreffing the relation between the 
diftances from two points, or an abfcifs and ordinate, &c. if 
the forces adt in the fame plane: but if the forces adt in dif¬ 
ferent planes, find the lum F and F' of the forces at the point 
P in dire&ions which are not both fituated in one plane with 
the tangent and each other; and alfo the chords C and O'of 
curvature in thofe directions in terms of the diftances from 
three points, or two abfciffae and one ordinate, &c. In the 
equations v*=§ F x C and for v* fubffitute its 

value found from the principles before given; and there refult 
two fluxional equations of the fecond order expreffing the rela¬ 
tion between the diftances from three points, or two abfciffae 
and an ordinate, &c. 


PROP. VIII. 

Fig. 9. Let a body move in a curve P 'p, See. and be adted 
on at P / by a force/ (which is as any fundtion of the 
diftance SP') tending to S; let the velocities at P and p be 
reprefented by the lines YP an dyp in the diredtion of the tan¬ 
gents to the points P and p ; refolve thefe forces YP an &yp 
into two others Yk and £P, and yl and Ip, of which one kY 
and yl is parallel to the line SL; the other k? and Ip is pa¬ 
rallel to MP: let a body fall in the right line LS, and the 
force adting on the body at M' be to the force adting on the 
body moving in the curve at P / :: SM'; SP', and P / M / , PM 

and 
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and pm be perpendicular to SL; then, if the velocity of the 
body falling in the right line SL at the point M be kY, the 
velocity of the body at the point m aCted on by the above men¬ 
tioned forces will be yl. 

This is eafily demon#rated from the refolution of forces, 

2. Through S draw SN parallel to PM or pm, &c., and 
aflume in the line (SN) SP PM and Sp —pm, and let the 
force at P' in the line SN and diftance =M / P / : the force of the 
body moving in the curve at the diftance P'S : P'M' : SP'; 
then if the velocity at the diftance SP = PM be Yk , the velo¬ 
city at the diftance S \p =pm will be pi. 

Cor. The force in the direction of the line SL vanifties in 
the point where a perpendicular SN to the line SL palling 
through the point S cuts the/curve, and confequently the 
velocity in the direction of SL in that point is the greateft or 
leaft, &c.; but if the tangent of the curve be perpendicular in any 
point to LS, then the velocity in the direction LS is nothing: 
the lame may be applied to the velocity in any other direction. 

Ex. Fig. 1 o. Let a body move in the circumference of a circle 
SPA, of which the center of force is a point S in the circum¬ 
ference; it is known, that the force in the direction and at the 
diftance SP is as SP~ 5 ; but the force in the direction SP is by the 
hypothefis to the force in the direction (SA) :: SP : SM, if PM 
be perpendicular to SM, and confequently the force in the 
direction (SA) is as SM x SP —6 ; but if AS be a diameter, 
ASxSM = SP*; therefore SMxSP~ 6 = SMxAS~ 3 xSM~ 3 = 

; and the diameter AS being given, the force in the line 

SA varies as SM - % that is, inverfely as the fquare of the dif¬ 
tance; if the force varies as SM”*;=tf“ 2 , then vv will vary as 
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where v denotes the velocity; and v z will vary as 


— _ i, which agrees with the fquare of the velocity deduced 

from the preceding principles; for v = PY the velocity at P is 
inverfely as the perpendicular SY = SM let fall from the center 
of force on the tangent; but SA a : 2SP xPA :: velocity PY as 


JL — — : P/ the velocity at M; whence P/ 2 (the fquare of the 

SY SM J VI 


. . ... 4SP 2 xPA* jW . , . , . 4SP 2 x PA 2 

velocity at M) = - - g A - 4 — X PY 2 which varies as *——— — x 


4PA. 2 

' saTx sm ' 


_ 4S A 2 — 4SA x x 
SA 3 xx * 


and confequently as 


fame as above. 


2. Fig. 9. If any number of forces ad on a body at P in 
any given di reft ions parallel, or tending to given points; re- 
foive all the forces into two others; one in a given direction 
SM, and the other in a direction PM perpendicular to it, of 
which let F be the fum of the forces refulting in the direction 
MmS, and f the fum of the forces refulting in the direction 
PM ; refolve the velocity V of the body at P, which is in the 
the direction of the tangent PY, into two others V 7 and V", 
one in the direction parallel to the line SM, and the other per¬ 
pendicular to it: in the fame manner refolve the velocity v of 
the body at p, which is in the dire&ion of the tangent ^jy, into 
two others v' and v", one in the direction parallel to the line 
SM, and the other perpendicular to it: then if the velocity 
of the body moving in the right line SM at M be V', and it is 
conftantly aCted on by a force = F, the velocity of the body at 
m will bev / : and if the body move from P in a direction per¬ 
pendicular to SM with a velocity as V", and be always aCted 
on by a force/, the velocity at the diftance PM —pm will be 


Cor , 
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Cor. From the forces given and the velocities in the above 
mentioned directions at the point P, can be deduced the veloci¬ 
ties in the fame directions at the point p, and confequently the 
tangent to the curve at the point p. 


prop. ix. 

1. Let the refinance of a body, moving in a right line, be as 
any function V of the velocity v ; then will i = -, x~ 


~V<V 

~v~ 


; where f, v, and x, denote the increments of time, velo¬ 


city, and fpace; their fluents properly corrected will give the 
time and fpace in terms of the velocity. 

2. Let a body move in a right line, and be aCted on by an 
accelerating force in that line, which varies as any function X 
of the diftance x from a given point ; and refilled by a force 
which is as any function V of the velocity v into its denfity X'', 
which varies alfo as a function of x and v; then will (X+«VX / ) 
x ~ — vv, from its fluent x can be found in terms of v, or v 


in terms of x; and thence /= ; 


F/> 


of which the fluent 


X-j-«VX' 

properly corrected gives the time. 

Ex. 1. Let V = sf and X' a function of x; that is, let the 
refiftance be as the fquare of the velocity and denfity, whence 
(X + av"K!') x — — vv, of which equation the fluential will be 

f f^xXi + A, and t = 


/ 

V 


—- - —-—-+ B, where A and B are 

J laX '*x(feJ* aX *xXx+A)) 

invariable quantities to be affumed according to the condi¬ 
tions of the problem. 
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1.2. Let ^sX'and X — b, which is iuppofed to correfpond 

nearly to the ftate of our atmofphere, then will v — — 
2 x x j'efiaXx x Xx = — 2 x e~ e f* a ' x * x bic — — 

ze~ M ‘ x ~h x (fe™ x+h xt>x+A-), e being the number, whofe 

hyperbolic log. is i, and A and A quantities to be afliimed 
according to the conditions of the problem. 

1.2. Let X—X'y and it becomes Xx = and / = 

3 T X-j-aV 


X\i+aVj‘ 

2. Let X be an homogeneous fun&ion of one dimenfion of x , 
that is, = ax, and V a fimilar fun&ion of n dimenfions of v, 
that is = bv ", and X' a fimilar function of r dimenfions of x and 
v, and n + r=z i ; then by fubftituting %x and its fluxion for v 
and its fluxion, can be found the fluent of the fluxional equation 
(X + tfVX'') — vv, and confequently the velocity and time 
by the quadrature of curves in terms of the fpace; and in like 
manner of many other cafes. 

3. Fig. 4. Let a body moving in a given curve be a£ted on 
at any point P by a fore e f tending to a given point S, and 
refilled by a medium proportional to V a fundlion of its velo¬ 
city multiplied into its denfity X' a fun&ion of the diftance 
SP = D; to find its velocity, time, and diftance from the given 

point S in terms of each other. Let F —f x g p the force in 
the direction of the tangent PY, and confequently (F + 
VX')A = — m>, and v 2 =. \ C Xjf, where A is the increment of 
the arc, and C the chord of curvature in the direction SP ; but 
fince the curve is given, the chord of curvature may be de¬ 
duced from the diftance, &c. and the increment A of the arc 
from a fun&ion of the diftance multiplied into the increment 
4 of 



Centripetal Forces. 89 

of the diftance; then, if f or v be a given fundtion of the 
diftance, the other may be deduced from it, and confequently 

— vv~ip : (D) X D will be a given function of the diftance D 
multiplied into D, whence we have <p : (D) x D =;D (f x 

— + X' V) divide by D, and there refults an algebraical equa¬ 
tion, from which V xX' may be found. 

If neither v nor j f be given, reduce the two equations 

(jfx —, + VX') A = - vv and v' 1 = § Cf into one, fo as to ex- 

terminate either f or v and its fluxions, and there refults an 
equation exprefling the relation between the other v or f and D 
and their fluxions: from the velocity given in terms of D may 

be deduced the time from the equation t~ 

3.2. If the body be afted on by forces tending to more points 
S, S', S", S'", &c. in the fame plane; refolve each of the forces 
into two; one in the direction of the tangent, and the other 
perpendicular to it; let the fum of the forces in the diredtion 
of the tangent be F; and in the diredtion perpendicular to it 
be F'; and 2R the diameter of curvature at the point P, which 
will be given in terms of the diftances from two points, or of 
an abfcifs and ordinate, and their fluxions, &c.: a flu me the 

two equations before given (F + X'V) A — ~vv and <p t = F / R, 
and fince A is always given in terms of D and D, if F and F' 
be given in terms of D, D', &c. the value of V x X' may 
be acquired by a Ample algebraical equation : but if F and F' 
be not given, and confequently v not given, but V a given 
fundtion of v, and X' a given function of the above mentioned 
diftances; then fubftitute for *u its value ^/(F'R) in the func¬ 
tion V, and the fluxion of i F'R for ’vv, and there will refult 
Vol. LXXVI 1 I. N an 
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an equation involving D and F' and their fluxions, and F; but 
if the forces tending to ajl the points but one are given in terms 
of the diftance D, or abfcifs or ordinate of the curve, and their 
fluxions j then from F' can he found F, and, vice verja , 
from F can be found F', and confequently there refults a 
fluxional equation exprefling the relation between F or F and 
the diftance D or D', &c. or abfcifs or ordinate, and their 
fluxions. 

From F and F', and confequently v being found in terms 
of D, Dh &c. can be deduced t—%,. 

The fame method may be applied, if fome forces tend to an 
infinite diftance, that is, a£t parallel to themfelves, and others 
tend to given points. 

Ex. Let the accelerating force be dire&ly as the arc = x, and 
the refiftance uniform = a; then will (a* -a) x= —vv, and 
confequently x 1 — zax 4- B — v 1 ; let A be the arc, where the 
velocity = o ; then will the equation A 1 - zaK — x* + 2ax = v\ 

and the increment of the time t~-~ ~— -« 

v v (A— 2aA—x -jj-zax) v 

whofe integral is X arc of a circle, of which the radius is 

A - a and cof.=a: — a, where A is the diftance of the point 
from which the body begins to fall, and the loweft point of the 
curve; and the accelerating force x — a is as the diftance from 
a point (a) of a curve, of which the diftance from the loweft 
is a. 

Cor. The times of the body failing from any point of the 
curve to a will be equal. 

Cor. The body on this hypothefis will either reft at the 
point or at the loweft point, or any point between 4-0 and 

-a 
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- a ; for it may reft at any point, where the refilling force is 
always equal or greater than the accelerating force. 

Cor. Let n be the number of vibrations, then the diftancc 
of the arc, to which it will afcend from the loweft point at n 
vibrations, will be A—2 na\ if A —2 na be not greater than 
za, it will never pafs the loweft point. 

Philofophical enquiries require fome corre&ions, which do 
not enter into mathematical calculus ; for example, in fome 
cafes the calculus changes the quantities from negative to affir¬ 
mative, &c. when from philofophical confiderations they are not 
changed; and, vice verfd, they may be changed to affirmative, 
See. on philofophical confiderations, when they are not changed 
from the calculus: and alio a body may ftop, &c. from philo¬ 
fophical confiderations, as in the preceding example, when it 
does not follow from the algebraical calculus, &c. It is fur¬ 
ther to be obferved, that refiftances are always to be taken 
affirmatively. 

Ex. 2. Let the accelerating force be as the arc, that is, the 
diftance from the loweft point, and the refiftance as the velo¬ 
city ; then will the fluxional equation (F — V) A = — vv be 
{ax - v) x = - vv, which is an homogeneous equation of the 
firft order: write in it zx for v, and its fluxion for v, and 
there refults the equation (ax — ax) y. x~ — zx l z — z 1 xx, whence 

(a — a) x— — zxz — a*x and - 2nd thence log. x— 

- \ log. (a -£ + a*) (W) • x cir. arc, whofe radius is 

V ' 4a ~ ~ and tangent (z —1 ) + B, whence can be found v~xz f 
and from curvilinear areas / == -. 

V 

N 2 


If 
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If \a is lefs than i, then it becomes log. x — W-X 

4 ^l-r a 

log, z * ~——Z 4. B; where B is an invariable quantity to be 

«+*%-*—&. 

aflumed according to the conditions of the problem. 

Cor. If the force be diredtly as the diftance, or as the arc of 
the curve from the body to the loweft point, and the refinance 
as the velocity; then will the velocity in one arc be to the 
velocity in the correfponding point of another arc, as the arcs 
to be defcribed; and confequently the times equal. 

4. If the body is adted on by forces tending to points S, S', 
S", &c. fttuated in different planes, then let F be the fum of 
the forces in the diredtion of the tangent at the point P; F' 
and F" the fum of the forces adting on the body in two dif¬ 
ferent diredtions at the fame point, which are not fituated in 
the fame plane with the tangent and each other; from the 

three equations (F + XV) A= - vv and h = §F' and — = § F", 

V/ V 

in which the fame letters denote the fame quantities as be¬ 
fore, and C and C' denotes the chords of curvature in the 
fame diredtions as the forces F' and F", which from the curve 
being given can be found at any point; and if F' or F" is 
given in terms of the diftance from a given point, or an 
abfcifs or ordinate, &c. the velocity v can be found in terms 
of the fame, and X'V by a Ample algebraical equation : if F' 
is not given, and V is a given fundtion of v , fubftitute in V 
for v its value ./(f CxF'), and there refults an equation ex- 
preffing the relation between F (which can be deduced from 
F" or F") and the diftance of the body from fome given point, 
or the abfciflae and ordinates of the curve required, and their 
fluxions. 


If 
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If fome of the forces aCt In parallel directions; the forces, 
velocities, &c. may be found by the fame method. 

PROP. X. 

Fig. 11. Let a body be projected in a direction HL with a given 
velocity, and be aCted on by a force in a direction parallel to AP 
~ x, which varies as X a function of x ; and alfo by another 
force in a direction parallel to MP ~y, that is, perpendicular to 
AP, which force varies as Y a function of y\ and let it move 
in a medium, of which the refiftance is proportional to the 
velocity; to find the curve defcribed. 

Find the fluent of (X + ^ , u) x~ -vv, which corrected ac¬ 
cording to the conditions of the problem (viz. fo that v at the 
point H may be to the velocity of projection :: He : H£, 
where be is drawn perpendicular to AP) fuppofe •u = X / ; find 

the fluent of which corrected fo as to become = 0, when 

•X. 

# = AH, let be X". In the fame manner find the fluent of 
(Y y — — v'v\ which corrected, fo that 1/ at the point H 

may be to the velocity of projection :: cb : H£, fuppofe v / = 

Y'; find the fluent of which corrected fo as to become ~o t 

when PM = 0, let be = Y // ; affume X 7/ = Y", and thence from 
.vfindy : take AP = x and PM=jy, and M will beapointin 
the curve, which a body projected in the line HL deferibes; 
and if M m in the direction parallel to HAP : mo perpendicular 
to it :: velocity v : velocity then will Mo be a tangent to 
the curve in the point M. 

2. If a body is aCted on by forces tending to any given points 
S, S', S 7/ , &c. which vary as given functions of their diftances 
from the body, and refilled by a force which varies according 
to a given function Y of the velocity (y) into its deafity X', 
4 where 
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where 'X 7 varies according to Tome fun£tion of the diftances 
from’the given points, i&c.; to find the curve defcribed. 

i . From the diftancesof the body from two given points, or the 
abfcifs and ordinate of the. curve defcribed, and their fluxions, 
&c. find the forces acting in the direction of the tangent to 
the curve, and in fome other direction, which fuppofeF and F' ; 
and alfo the chord of curvature in the above mentioned direc¬ 
tion, which let be C; then from the equations (F+Vx X 7 ) 

A — —vv and v % CxF reduced into one by writing for v 
its value in the function V, and for vv its value deduced from 

the equation v 2 = §C x F, and for A (the fluxion of the arc) 
its value deduced from the diftances, &c. will refult an equa¬ 
tion exprefling the relation between the diftances from two 
given points to the curve, or its abfcifs and ordinates, and 
their fluxions. 

3. If the forces are not all fituated in the fame plane, then 
from the before given equation (F + V x X') A = - vv, and the 
two others v z ~|Cx F 7 and v“~ § C 7 F 7/ , where F denotes the 
force in the direction of the tangent, and F' and F" are the 
forces in different directions, which both are not fituated in the 
fame plane with each other and the tangent, and in which 
directions the chords of curvature are refpeCtively C and 

C 7 ; fince the quantities F, F 7 , and F 7 '; C and C 7 and A (as 
proved before) can all be exprefled in terms of the diftances 
from three given points, or from two abfeiflae and one ordinate, 
and their refpeCtive fluxions; may be deduced two fluxional 
equations exprefling the relation between the diftances from 
three given points, or two abfeiflae and an ordinate, See. 

The fame principles may be applied to cafes, in which fome 

of the forces aCt in parallel directions. 

1 


On 
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On moveable Centers. 

P R O P. XI* 

i. Given the refpeclive places of («) bodies S, S / , S", S''' 7 , 
See. in the curves A, A', A", A'", &c. at the fame time, 
and in the fame plane, and the forces of all the bodies acting 
on S, except two, S' and S"; to find the forces of the two 
bodies S' and $" on the body S. 

This propofition may be relolved by the method given in 
Prop* 4. for to produce the fame effedl the fame finite forces 
will be requifite, whether the centers of forces reft or move in 
given curves. 

1.2. If the bodies S, S', S", &c. move in different planes,, 
then all the forces afting on the body, except three, may be 
given, which may be acquired from the method given in the 
fame propofition. 

Hence it appears, that 2 n forces may lie requifite to be found 
from the conditions of the problem to determine all the bodies 
to move in their refpeftive curves, when they, are all fituated in 
the fame plane, and that 3 xn forces may be requifite in 
different planes, &e. if the force of one body (S') on another 
(S") does not at all depend on the force of the fame body. 
(S') on any other (S'"); and if the fame can be predicated of 

the reft, then n . n — 3 forces of the above mentioned bodies in 

the fame, or n . n — 4 forces in different planes may be affumed 
at will. 


3 - 
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3. If the velocities v, v' t v". Sec. at every point of the arcs 
a, a\ a", See. of the («) above mentioned curves A, A', A", 
&c. be given in terms of their arcs, abfciffae, or ordinates, 
&c. and the places in which the bodies are fituated at the 
fame time in the arcs b , b\ b'\ See. of fome other curves B, B', 
B", Sec. find the correfponding velocities V, V', V", &c. at 
the fame time of the bodies in the curves B, B', B", Sec .; 

then make — = -7=3-7 7 ~&cc .~-~ 9 or which is equal to it = 

<1 f v v V 1 ' 

» # // 

E - 0 r = ^ 7 -, = &c. From the fluents of the fluxional equations 

refulting properly corrected will be found the arcs a, a', a". 
See. deferibed by the bodies in the curves A, A', A ", &c. in 
the fame time as the correfpondent arcs b f b\ b" Sec .; and 
from thence, by the method given in the preceding cafe, may 
be deduced the forces. 

The fame principles may be applied to bodies moving in re¬ 
fitting mediums. 


PROP. XII. 

Given the law of the forces of two bodies acting on each 
other, to find the two curves by them deferibed. 

Fig. 12. Affume x and y for the abfeifs (AP^ and ordinate 
(PM) of one curve, and s and u for the abfeifs (AP') and 
ordinate (P'M') of the other; where the abfeiflae AP and AP r 
begin from the fame point A, and are fituated in the fame line ; 
then will the diftance (DrrM'M) between the bodies = 

T ■ -- 2 

i/z+x" + \/udi=.y ) ; let the forces of the body placed at M on 
that at M', and of the body placed at M' on that at M vary 
as <p : (D) =F, and <p' : (D) = F / ; and let = i za.Spm~y ; 

then will cofine of the angle wMM / to radius (i) be x 


y 
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—i— r ±~x-rand conrequently the force in 

the dire&ion of the tangent M m will be c x F, whence — vv 
trxF xs/x z +y z (A) and v*— § CF, where C is the chord 
of curvature in the direction of the force (F) —\/i—c z 


x 2 


/ *1 , .2\I^ 

(x ^ry j 
j>x —xy 


; and v the velocity of the body in the curve, 


whofe abl'cifs is x and ordinate y. 

In the fame manner let x — 4 =^ ^^ x — —— ~c\ 

i> ✓** + «» D 

the cofine of the angle made between the diftance MM' and 
arc of the curve of which the abfeifs is z and ordinate u, and 
confequently c' x F' will be the force in the direction of its 
tangent, and therefore - v'v' =* (/xF' x \/z z + u* (A) and v ' 1 = 
| C'F', where C' is the chord of curvature in the direction of 


theforce(F / )=v / 1 -c ' 1 x 2 




, and v f the velocity of 


(uz —zu) 

the body in the curve whofe abfeifs is z and ordinate u ; then, 
becaufe the times of deferibing correfpondent arcs in the two 
curves are equal, their increments will be equal, and confe- 


i/ 2 , -Z 

quently i = 


✓±*. 


x fa* 


and there are deduced five 


fluxional equations, containing fix variable quantities v, v f ; x t 
y ; 2s, and u, and their fluxions; reduce thefe equations, fo that 
four of them (y, &c.) may be exterminated, and there will 

cefult an equation exprefling the relation between x and y 
the abfeifs and ordinate of one curve, or z and « the abfeifs 
and ordinate of the other curve, and their fluxions; the 
fluential equation of which being found} and properly cor¬ 
rected, gives the equation to the curve. 

Vol. LXXVIII. O The 
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The five equations are eafily reduced to three by extermi¬ 
nating the quantities v and v'. 

The fluxional equation refulting will moft commonly be of 
the fifth order, as evidently appears from the nature of the 
problem. 

2. The fame principles may be applied to determine the 
curves, when the bodies move in mediums, of which the 
refiftances are given : for example, fuppofe the refinances to 
vary as a function of the dinance from a given point into a 
function of the velocity : to the forces in the directions of the 
tangents contained in the preceding cafe mutt be added or fub- 
traCted the given refinances for the forces in the directions of 
the tangents, and the remaining procefs will be the fame as is 
before given. 

If two bodies defcribe fimilar orbits round a common center, 
either quiefcent or moving uniformly in a right line ; the forces 
and velocities and- refinances of the medium will be to each 
other in correfpondent points as their refpeCtive dinances from 
the center. 


PROP. XIII. 

Given the forces aCting on any bodies, and tending to points 
either moveable or quiefcent, or in the direction of the tan¬ 
gents, &c.; to find the curve defcribed by one of the bodies. 

i. Aflume x andjy for the abfcifs and ordinate of the curve 
required, and from thence may be deduced the dinances from 
any quiefcent center of force, and confequently the forced in 
that direction ; refolve it into two others, one in the direction 
of the tangent, and the other in a different one*; for example, 
let it be in a direction perpendicular to the tangent, and from 
their fluxions x and j, and the force f may, by the method 
3 before 
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before given, be deduced the forces in the two above mentioned 
directions; and in the fame manner may be found from x t y, 
x , andy, the forces in the directions of the tangent and per¬ 
pendicular to it, which follow from all the forces tending to 
given points, and aCting on the body moving in the curve to be 
inveftigated. 2. If fome of the centers of force move in 
given curves B, B', B r/ , &c. whofe arcs let be denoted 
by B, B', &c. and their refpeCtive places at the fame time 
are given ; then from their refpeCtive places given and forces, 
and x and y,, and x and y, can, as before, be deduced the 
forces in the direction of the tangent and its perpendicular to 
the curve required. 3. If other centers of forces move in 
given curves A, A', A // , &c. and the velocities are given at 
every point of the curves; let A, A', A", &c. be the arcs of 
the curves A, A', A", &c. and fuppofe v, v\ v", &c. their 
correfpondent velocities; then, if the increments of the time 

be given, will — — —> — —-,=&c. but as the velocities are given 

at every point of the curves, v in the curve (A) will be given 
in terms of its abfcifs, ordinate, arc, &c. and confequently 

in terms of the fame quantities and their firft fluxions; the 

V \ x 

A 7/ 

fame may be affirmed of the fluxions ^7-, —, in the curves A', 

• • 

A. ' Af 

A'\ See. ; hence, from the equation can be deduced 

the relation between the abfcifs or ordinate, &c. of the curve 
A and its correfpondent abfcifs or ordinate, &c, of the curve 
A / ; and fo of the remaining curves ; hence this cafe is reduced 
to the preceding ; but it is neceflary alfo, that the times of the 
bodies in the two cafes fhould be the fame, in order that the 

places may correfpond, and confequently where V 

O 2 denotes 
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denotes the velocity of the body &t any point of the curve B 
from which equation can be deduced the correfpondent. abfcitue 
and ordinates, &c. of the curves B and A; and thence 
the two cafes ate reduced to the preceding, whence the 
correfpondent forces in the directions of the tangent, and per¬ 
pendicular to it, can be found as above. 4. If.fome {in) of 
the centers move in curvesL, L/, L/\ &c to be deduced from 
the laws of the forces being given which aft on them ; affume 
a and u, z' and u', z" and u", Sec. for their refpeCtive abfeiflae- 
and correfpondent ordinates *, and from them andy and x, y and 7 
x, find the forces aCting on the body moving in the curve re¬ 
quired in the direction of the tangent, and perpendicular to it* 
as before; then add all the forces deduced which aCt perpen¬ 
dicular to the tangent and alfo all contained in the direction 
of the tangent together with the refitting force in the fame 
direction, and let £he fums refulting be refpeCtively F and F y : 
by the fame method find the turn of the forces which aCt on the 
bodies moving in L, L', L v , &c. in the directions of the tan¬ 
gents, and perpendiculars to them, which fuppofe S and j,S / and 
s', S 7/ and s", Sec.; then reduce the 2 (w+ 1) equations of the 

■ * Tz 1 ? 

formulae found above, viz, v z =F x and — otsF'' 

yx—icy 


-y z ; v'*=zsx 




uz — xu 


and - 'iA/—S x */z + u?; v" 1 


—_ lk 

s' x and — v" x v" = S' x \/ z' n +u"% See. ; where v. 

v! % f — « V 

v\ v", v'". Sec . refpeCtively denote the correfpondent velo¬ 
cities of the bodies moving in the curves, whole abfeiflae are 


sc. 


9 z » »> &c.; and alfo the (jn + 1) equations 


£ 

v 


“Si? +y z 


^+*^(z"+u'*) -u ,n ) 


:Scc. containing the 3 (/» + i') 


7 


I 
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4 -1 variable quantities -v and y, z and u, z' and 1 u, z /r and u". 
Sec., v,v',v", Sec., and the variable quantity contained in 
B and V, into one, fo that all the variable quantities except x 
and y and their fluxions may be exterminated, and 1 there re- 
fults an equation to the curve required expreffing the relation, 
between .* and y its abfcifs and ordinate, and their fluxions. 
5. If the forces are not fituated in the fame plane, affume X, 
x and y, for the two abfcifffe and ordinates, of the curve re¬ 
quired ; and Z, z and u ; Z', z' and u' ; Z // ,, z" and u ."; &c. 
for the two abfciflie and ordinates of the (/«) curves L, L/, 
U', &c. refpeflively; and from the preceding method may be: 
acquired the 3 (m + 1) equations ‘h—F x C, v l =zF' x C',. and; 

— vv=F" x \/X 2 4- x 2 +j/ 1 ; v'*=.S x C', v n z=z<rc' and — v'v' 
rrxv/Z'+^+a 1 ; v"* — S'C" = <r'c" and — v"v" — s'x 

^/(Z ' 2 + £'* + « / 2 ) v'" z = S // C ,// = o-V" and -v'"v" = s" x 
v /(Z //:! + ^s //i + «' /, ) t &c. ; in which v denotes the velocity in 
the required curve, and v', v", v"", &e. the correfpondent 
velocities in the curves L, L/, L ", Sec .; and F, F', and F // ; 
S, <r and s ; S'', <r' and s '; S' 7 , or" and s" &c. denote the forces, 
a fling on the refpeflive bodies in two different planes and in 
the tangents, which planes cut each other in the tangents of 
the curves; and C and c. Sec., C' and c'. Sec., C" and c". 
Sec. the | chords or radii of curvature in thofe two planes to the 
different curves in the directions of the forces; and alfo the 


(m + 1 ) equations before mentioned y 


v 


Z 2 4 i 1 +a* 


J^p^l =k c. 5 where v'X* +x 4 ^Z' +z ' +«V 

Sec. are the fluxions of the arcs of the required curve, and of 
the curves L, L', L", &c. reduce thefe 4^+4 equations con¬ 
taining 
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taining \m + 5 variable quantities into two, fo that all the varia¬ 
ble quantities except three, X, x, and y, and their fluxions may 
be exterminated; and there refult the two equations required. 

It may be obferved, that when the refiftance arifing from 
the denfity of the medium and velocity (v') of the body varies 
as X 7 x v' + X, where X and X 7 are as fundions of the diftances 
from given points, the refolution of the fluxional equations 
will generally be more ealy, than when the refiftance varies as 
other fundions of the velocities. 

If the force ads equally on. the particles of the body and 
fluid, then the force by which a body defcends in a medium is 
as the whole force X ading on the body at the given diftance 
multiplied into a fradion whofe numerator is the difference be¬ 
tween the denfity of the body (D) and fluid (X 7 ) at that dif- 

tance and denominator D, that is, as X x ———. 

Many cafes might have been given, in which the fluxional 
equations could have been refolved ; but in general their fluents 
can only be found by means of converging feriefes. 




